We study the propagation of gauge fields with arbitrary integer spins in the symmetrical Einstein space of any dimensionality. We reduce the problem of obtaining a gauge-invariant Lagrangian of integer spin fields in such background to an purely algebraic problem of finding a set of operators with certain features using the representation of high-spin fields in the form of some vectors of pseudo-Hilbert space. We consider such construction in the linear order in the Riemann tensor and scalar curvature and also present an explicit form of interaction Lagrangians and gauge transformations for massive particles with spins 1 and 2 in terms of symmetrical tensor fields
Introduction
The problems of obtaining a consistent description of the gravitational interactions of highspin fields have a particular significance since it allows one to connect the fields of high spins with the observable world.
It is well known that the gravitational interaction of massless fields with spins s ≥ 2 does not exist in an asymptotically flat space-time [1] . For the covariant description of physical fields one must replace the ordinary derivatives with the covariant ones in the Lagrangian and gauge transformations. Since the covariant derivatives do not commute the gauge invariance fails and a residual appears. For the fields with spins s ≥ 2 the residual is proportional to the Riemann tensor. In general, one cannot cancel such a residual in asymptotically flat spacetime by any changes of the Lagrangian and transformations in the linear approximation. Therefore, in such a case this approximation is absent, but since the linear approximation does not depend on the presence of any other fields in the system, this means that the whole theory of interaction does not exist either.
This problem can be overcome in several ways. For instance, one can consider the massless fields in a constant curvature space. Then, the Lagrangian for gravitational would have an additional term δL ∼ √ −gλ, where λ is the cosmological constant. Modification of the Lagrangian and the transformations leads to a mixing of terms with different numbers of the derivatives. This allows one to compensate the residual with terms proportional to R µναβ . The complete theory will be represented as series in inverse value of the cosmological constant [2, 3] . This means non-analyticity of the theory in λ at zero, i.e. the impossibility of a smooth transition to the flat space. Such a theory was considered in Refs. [2, 3, 4] . Besides, massive high-spin fields can have the gravitational interaction. For example, the string theory presents a consistent gravitational interaction of massive high-spin fields. In Ref. [5] the interaction of fields in the lowest order was derived investigating three point functions ot the type II superstring involving one graviton and two massive states.
In the literature the gravitational interaction of arbitrary spin fields were considered at the lowest order in the Riemann tensor [6, 7, 5] . When considering the interactions, the authors start from the free theory of massive fields in the classical form [8] . The "minimal" introduction of interaction leads to contradictions, therefore, it is necessary to consider nonminimal terms in the interaction Lagrangian. Since, the massive Lagrangian for the spin-s fields [8] is not gauge invariant, in such approach there are no any restrictions on the form of non-minimal interaction. But, in general case, such a theory is pathological, therefore, to build a consistent theory of interaction it is necessary to introduce an additional restrictions on non-minimal terms. So, for instance, when investigating the gravitational interactions [6, 7] , the authors required for the theory to have the tree-level unitarity up to the Planck scale.
It seems to us it is more convenient to use the gauge-invariant approach when one analyzes an interaction of the massive fields [9, 10, 11] , [12] or [13] . Under such an approach the interaction is considered as a deformation of initial gauge algebra and Lagrangian 1 [14, 11] . Although, generally speaking, the gauge invariance does not guarantee the consistency of massive theories, but, anyway, it allows one to narrow the searches and conserves the right number of physical degree of freedom. Besides, such an approach is quite convenient and practical.
In this article we go along the line of Refs. [15, 16] where the electromagnetic interaction of massive fields with integer and half-integer spins was investigated. We represent a free state with the arbitrary integer spin s as some state |Φ s of Pseudo-Hilbert space 2 [15] . The tensor fields corresponding to the particle with spin s are coefficient functions of the state |Φ s . In the considered Fock space we introduce a set of some operators by means of which we define the gauge transformations and necessary constraints for the state |Φ s . The gauge-invariant Lagrangian has the form of an expectation value of Hermitian operator, which consists of the operators, taken over state |Φ s .
In the considered approach the gauge invariance is a consequence of commutation relations of the introduced operators. For the covariant description of fields in an Riemann background one must replace the ordinary derivatives with the covariant ones. This leads to a change of algebraic features of the operators and as consequence to the loss of gauge invariance for high-spin fields. We reduce the problem of recovering the invariance to an pure algebraic problem of finding such modified operators depending on the Riemann tensor and scalar curvature which satisfy the same commutation relations as initial operators in the flat space. In this, we should note that in the massless case one cannot realize such a construction in an asymptotically flat space. In section 3, for the massive theory we construct the set of operators having the algebraic features of free ones in the linear order in the Riemann tensor. Besides, in the next section we give the explicit form of interaction Lagrangian and transformations for the massive vector and spin-2 fields.
1 Free Field with Spin s Massless fields. Let us consider the Fock space generated by the creation and annihilation operatorsā µ and a µ which are vectors on the D-dimensional Minkowski space M D and which satisfy the following algebra
where g µν is the metric tensor with signature g µν = diag(−1, 1, 1, ..., 1). Since the metric is indefinite, the Fock space which realizes the representation of the Heisenberg algebra (1) is Pseudo-Hilbert. Let us consider the state of introduceded space of the following type:
Coefficient function Φ µ 1 ...µs (x) is a symmetrical tensor of rank s on space M D . One can describe the state with spin 3 s by means of this tensor if one imposes the following condition on it: Φ µµννµ 4 ...µs = 0.
2 The representation of the free fields of arbitrary integer spin in such a form was considered in Refs. [12, 17] 3 We consider representations of type D( s 2 , s 2 ) only.
In terms of such fields Lagrangian [18, 19] has the form
The following notation Φ ′ = Φ µµ... is used here while the point means the contraction of all
Let us introduce the following operators in our pseudo-Hilbert space
Here p µ = i∂ µ is the momentum operator that acts on the space of the coefficient functions.
Operators of such type appear as constraints of a two-particle system when one quantizes 4 it [20] . Operators (7) satisfy the following commutation relations:
Here N =ā · a is a level operator that defines the spin of states. So, for instance, for the state (2) N|Φ s = s|Φ s .
In terms of operators (8) condition (3) can be written as
while gauge transformations (5) take the form
Here, the gauge state
satisfies the condition
This condition is equivalent to (6) for the coefficient functions.
Lagrangian (4) can be written as an expectation value of some Hermitian operator taken over state (2) L
where
Lagrangian (12) is invariant under transformations (10) as consequence of the relation
Massive fields Let us consider the massive states of arbitrary spin s in the similar manner. For this we have to extend our Fock space by the introduction of scalar creation and annihilation operatorsb and b which satisfy the usual commutation relations
Operators (7) are modified as follows:
Here m is an arbitrary parameter having the dimensionality of mass. When an interaction is absent one can consider such a transition as the dimensional reduction M D+1 → M D ⊗ S 1 with the radius of sphere R ∼ 1/m (refer also to [12, 17] ). We shall describe the massive field with spin s as the following vector in the extended Fock space:
As in the massless field case, this state satisfies the same condition (9) but in terms of operators (15) . The algebra of operators (8) changes insignificantly, the only commutator that modified is
Here, as in the massless case, the operator N =ā · a +bb defines the spin of massive states. The Lagrangian describing the massive field of spin s has the form of (13) also, where the expectation value is taken over the state (16) . Such Lagrangian is invariant under transformations (10) with the gauge Fock vector
that satisfies condition (6).
Propagation of Massive High-Spin Field in Symmertical Einstein Space
In this section we consider an arbitrary D-dimensional symmetrical Einstein space, i.e. the Riemann space defined by the following equations
where D Γ µ is the covariant derivative with the Cristofel connection Γ α νµ . We assume that the Greek indexes are global while the Latin ones are local. As usual the derivative D Γ µ acts on tensor fields with global indexes only.
To describe the massive high-spin fields in the Riemann background we must replace the ordinary derivatives with the covariant one, i.e. we make the following substitution
where ω ab µ is the Lorentz connection. We imply that the creation and annihilation operators primordially carry the local indexes. Also we have to introduce the non-degenerate vielbein e a µ for the transition from the local indexes to the global ones and vice versa. As usual we impose on the vielbein the conventional requirement
By means of this relation one can transfer from expressions with one connection to these with other. Besides, we should note that due to this relation the operator P µ commutes with the vector creation-annihilation operators with global indexesā ν = e b νā b and a ν = e b ν a b . This allows us not to care about the ordering of operators (15) .
One can verify that the covariant momentum operator defined in this way properly acts on the states of type (16), indeed
The commutator of covariant momenta defines the Riemann tensor in the following way
where R µν ab (ω) = ∂ µ ω ν ab + ω µ a c ω ν cb − (µ ↔ ν). In the definition of operators (15), we replace the ordinary momenta with the covariant ones as well. As a result the operators cease to obey algebra (8) . Therefore, Lagrangian (13) loses the invariance under gauge transformations (10) .
To recover the gauge invariance we do not need to restore whole algebra (8) it is enough to ensures the existence of the following commutation relations
To restore these relations let us represent operators (15) as some normal ordered functions of the creation and annihilation operators as well as of R µναβ and R i.e.
The particular form of operators L i will be defined from the condition recovering of commutation relations (22) and (23) by these operators. We should note it is enough to define the form of operators L 1 and L 2 , since the operators L 0 and N can be expressed in terms of these operators.
Since we have turned to the extended universal enveloping algebra of the Heisenberg algebra, the arbitrariness in the definition of operators a and b appears. Besides, in the right-hand side of (1) and (14), we should admit the presence of arbitrary operator functions depending on a, b, R µν ab , and R. In this, such a modification of the operators must not lead to breaking the Jacobi identity and under the transition to flat space they must restore the initial algebra. However, one can make sure that using the arbitrariness in the definition of the creation and annihilation operators, we can restore algebra (1), (14) in linear order in the Riemann tensor and scalar curvature.
We shall search for operators L 1 and L 2 in the form of an expansion in the Riemann tensor and scalar curvature.
Let us consider the linear approximation.
Operator L 1 should be no higher than linear on operator P µ , since the presence of higher number of that changes the type of gauge transformations and the number of physical degrees of freedom. Therefore, in this approximation we shall search for them in the form
At the same time the operator L 2 cannot depend on the momentum operators at all, since condition (9) defines the purely algebraic constraint on the coefficient functions. Therefore, in this order we choose the operator L 2 in the following form:
Here h i (b, b) are normal ordered operator functions of the type
where H i n are arbitrary real coefficients. Let us define a particular form of the functions h i from the condition of recovering commutation relations (22) and (23) by the operators L 1 and L 2 .
We have to note that these operators can obey relations (22) and (23) up to terms proportional to L (0) 2 = 1 2 (a 2 + b 2 ) in the linear order, since this does not break the gauge invariance due to constraint (11) .
Having calculated (22) and passing to normal symbols of the creation and annihilation operators, we obtain a system of differential equations for the normal symbols of operator functions h i . For the normal symbols of operator functions we shall use the same notations. This does not lead to the mess since we consider the operator functions as the ones of two variables while their normal symbols as the functions of one variable. Thereby, we have equations from (22) 
Here the prime denotes the derivative with respect to x, while x =ββ, whereβ and β are the normal symbols of operatorsb and b, correspondingly. Similarly, from (23) we derive the other system of equations:
Having solved the whole system 5 of equations (26) and (27) we obtain the particular form of the operators L 1 and L 2 :
where c 1 and c 2 are arbitrary real parameters and h 5 (x) is an arbitrary function regular at x → 0, while barα µ and α µ are normal symbols of the operatorsā µ and a µ . One can verify that this function corresponds to the rest of arbitrariness in the redefinition of creation and annihilation operators when initial Heisenberg algebra (1), (14) is fixed. Therefore, we can set h 5 (x) = 0. The transition to the operator functions it is realized in the conventional manner:
:
.
Thus, we have obtained the general form of the operators L n which satisfy commutation relations (22) and (23) in the linear approximation in the Riemann tensor and scalar curvature. This means that Lagrangian (13) is invariant under gauge transformations (10) in this order. The form of operator L 2 has changed in this approximation, hence, the conditions L 2 L 2 |Φ s = 0, L 2 |Λ s−1 = 0 undergo the nontrivial modifications.
Examples
In this section we will apply the proposed algebraic scheme to the description of propagation of the massive states with spin 1 and 2 in the Symmetrical Einstein space.
Vector massive field. This case is quite interesting since it is practically the only massive bosonic field among the other high-spin states that was observed at the experiment. Let us consider the state of the Hilbert space that corresponds to the massive state with spin 1.
It is not difficult to compute expectation value of operator (13) over this state. Having done it one derive the following Lagrangian 6 in the linear approximation
In order that the Lagrangian properly describes the massive vector field we have to impose the following constraints
The first constraint ensures that the given state is not the tachyon while the second one provides the right sign of kinetic terms. The gauge vector for the massive spin-1 state is |Λ, 1 = ηb|0 and the gauge transformations for the massive field are
For vector massive field it is not difficult to generalize the linear approximation to the general case 7 of arbitrary symmetrical Einstein space. For that we make the following substitution
But the gauge invariance requires that the functions have to be equal each other. Thereby, the whole Lagrangian describing the propagation of vector field in the considered background is 6 We suppress the usual multiplier √ −g. 7 Of course, this is only the one possibility among another.
There is no reason to be surprised, since, due to the gauge invariance we cannot obtain a different result by virtue of the fact that R is constant. Now we can consider two variants. The first is when 1 + f (R) > 0 8 . Then the Lagrangian is invariant under the usual gauge transformations for the massive vector fields
In this case, in principle, we can include the multiplier 1 + f (R) into the normalization of fields. After that we obtain the usual Lagrangian "minimally" coupled to the Riemann background with the single "non-minimal" term.
The different quite unusual situation is realized when 1 + f (R) = 0. Then the whole Lagrangian consists of the single term
Obviously, that the Lagrangian is invariant under the transformation δv µ = P µ η. One can notice that the transition to an arbitrary Riemann space does not break this invariance. Let us discuss the causality for the massive vector field in the given background. Having fixed the gauge invariance by ϕ = 0, from (29) we derive the following equations
Having taken the divergence of these equations one obtains the constraint
From here we see that if we impose the requirement
we get the necessary constraint on the vector field in this order. Here we have restored the dimensional parameter m. Calculating the characteristic determinant 9 we obtain in the result
where n µ is the normal vector to the characteristic surface. The equations of motion will be causal (hyperbolic) if the solutions n 0 to D(n) = 0 are real for any n. Thereby, in our case, we have from the condition D(n) = 0 the usual light cone as the solution for n µ if we impose the following condition 3Dm 2 + R = 0 (33)
Of course, our consideration essentially depends on the higher orders in the Riemann tensor and scalar curvature. Thus, we can see that in such a theory there are restrictions on m and R similar to Ref. [22, 23] .
Massive field with spin 2. Now we obtain the Lagrangian describing the propagation of massive spin-2 field in the symmetrical Einstein space. The following state of the Fock space corresponds to such field
It is easy to see that this state trivially satisfies condition 10 (9).
Having calculating the expectation value of operator (13) over such state we derive the following Lagrangian
where h = g µν h µν . It is not difficult to notice that we have to impose the same restrictions (30) for the right description of massive state. The gauge vector for the massive spin-2 state is
The condition (11) is the non-trivial constraint for the gauge vectors of massive states with spin 3 and higher only.
From (10) we obtain the following gauge transformations
Let us fix the gauge invariance by means of the gauge condition v µ = 0, ϕ = 0. Now we have the following equations of motion δL δh µν = (1 + 2c 2 R) P 2 h µν − 2P (µ (P · h) ν) + P (ν P µ) h − g µν P 2 h − (P · P · h) − (1 + 2c 1 R) (h µν − g µν h)
From these equations we can obtain the following constraints Thereby, when 1 + D+5 3D R = 0 from the condition D(n) = 0 we have the usual light cone in this approximation, i.e. the causal propagation of massive spin-2 state in the considered Riemann background.
For massive states with higher spins one can derive a result of such a type. Quite obviously that the causal propagation of these state in considered background gives the some restrictions on the mass of states and the scalar curvature only.
Conclusion
In the present article we have applied the algebraic scheme proposed in Ref. [15, 16] to the description of propagation of the gauge massive fields in the arbitrary symmetrical Einstein space of arbitrary dimensionality in the lowest approximation in the Riemann tensor and scalar curvature. This approach is quite convenient since it allows one to reduce the cumbersome problem of the search for the gauge invariant action of high-spin fields to the pure algebraic problem of finding the appropriate modification of some operators. In principal, this approach can be applied to the description of fermionic massive fields in the such background as well.
